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Abstract

Introduction

Series expansions for the bending angle of light in the equatorial plane of a Kerr black hole are
given for the strong and weak deflection limits with various values of the spin parameter ranging
from low to high spin. From the exact bending angle expression, with no known analytical solution,
we get series approximations for the bending angle in terms of the impact parameter of the incident
light ray. Analytical expressions allow us to derive and connect to other results relating to images
formed due to gravitational lensing. Specifically, the asymmetry that arises in the spin-dependent
shifts in image positions can be predicted by the analytical expansions. We apply our results for the
case of a galactic supermassive black hole to predict asymmetric angular positions of relativistic
images on either side of the lens. The possible observation of the asymmetric image shifts with
telescopes can only be predicted with the perturbative expansions in the strong deflection regime.
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Bending of light around a black hole is extremely important when considering the
position of distant objects in the universe. The observed position of the image on the
sky is not a good indicator of the location of the source since the path the light takes
is influenced by black holes. If the light travels close enough to the black hole, it will
travel around the black hole some number of times before exiting, which increases
the need for a way to quantify the bending angle. Of course, light that travels near the
black hole is of the most interest since the influence of the black hole increases
dramatically as the light ray gets closer to the black hole.
The lens equation is a relationship between the actual and apparent position of a
distant source on the night sky. If we assume the source is confined in a region that is
small compared to the distance involved, the lens equation is valid. Once we obtain
an expression for the bending angle of the light, we can quantify the position of the
source assuming the other variables of the lens equation have been determined
through various other techniques.

Procedure
In order to compute an analytical expression for the bending angle, Mathematica
was used. The computations were much too extensive to reasonably do by hand, so
the series expansion capabilities were utilized to find the weak and strong deflection
limit expressions. For the strong deflection limit, a transformation was done on the
impact parameter, b, in order to change the limits from 𝑏𝑐𝑟𝑖𝑡 and ∞ to 0 and 1. Since
𝑏𝑐𝑟𝑖𝑡 is not easily expanded around, the transformation simplified the computation
enough to find the strong deflection expansion. The weak deflection limit needed no
such transformation since larger impact parameters correlate to faster convergence,
so a regular Taylor series expansion was used.

Results and Discussion
Figure 1: The 2nd order strong deflection and 6th order weak
deflection plotted against the exact bending angle for 𝑎ො = 0.5
retrograde Kerr orbits

Figure 2: The progression of the strong deflection towards
the exact bending angle as the order of the expansion is
increased for 𝑎ො = 0.5 retrograde Kerr orbits

Figure 3: The discrepancies of the strong and weak
deflections for retrograde Kerr orbits, from the 𝑎ො = 0.5 spin
critical impact parameter to 25M

Figure 4: An observation of the asymmetry between
retrograde and prograde orbits with the same impact
parameter for 𝑎ො = 0.9

We were able to compute the weak deflection series analytically, given by Equation
2. It is beneficial to be able to calculate the bending angle for any value of spin and
mass. However, the strong deflection series expansion was not as easily computed.
Even with the transformation done on the impact parameter, the computational
complexity was too high to calculate the desired series expansion in a reasonable
amount of time. As such, a numerical approach was taken in order to compute
expressions for various spin values, prograde and retrograde. These expressions are
given by Table 1 in terms of the coefficients presented in Equation 3. Figure 2
displays the convergence of the 𝑎ො = 0.5 expression as the order is increased, as
expected from series expansions, and this behavior can be demonstrated for the
other expressions as well. Interestingly, almost all coefficients in the table display a
monotonic sequence. This quantitative observation has an accompanying qualitative
observation: the frame-dragging effect is stronger on the retrograde side than the
prograde side. That is, light orbiting in the opposite direction as the black hole is
spinning will experience greater deflection than light orbiting in the same direction,
as seen in Figure 4.
With expressions for both weak and strong deflection limits, the two can be
combined in order to estimate the bending angle for all impact parameters. Figure 1
shows the weak and strong deflection expressions plotted against the exact bending
angle for 𝑎ො = 0.5; visually, it is easy to conclude that the two expressions do a great
job of estimating the bending angle with little error. Where the strong deflection
starts to divert from the exact bending angle, the weak deflection picks up at the
same point. The discrepancies between the exact bending angle and the strong and
weak deflection expressions are plotted in Figure 3. The discrepancy is less than five
percent for all impact parameters, which makes these expressions a viable option for
practical uses despite having no exact analytical expression.
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